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The 3-flow conjecture of Tutte is that every bridgeless graph without a 3-edge
cut has a nowhere-zero 3-flow. We show that it suffices to prove this conjecture for
5-edge-connected graphs.  2001 Elsevier Science
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The graphs considered in this paper are all finite, unoriented, and
loopless. Multiple edges are allowed. If G is a graph, then V(G) and E(G)
denote the sets of vertices and edges of G, respectively. To each edge of G
there are associated two distinct arcs (see [4]). Arcs on distinct edges are
distinct. If an arc on an edge is denoted by x the other is denoted by x&1.
If the ends of an edge e of G are the vertices u and v, one of the arcs on
e is said to be directed from u to v and the other one is directed from v to
u. Let D(G) denote the set of arcs on G. If v # V(G), then the set of arcs of
G directed out from v is denoted by |+G (v).
If G is a graph, then a nowhere-zero k-flow (resp., Zk-flow) in G is a
mapping . from D(G) to [\1, ..., \(k&1)] (resp., Zk"[0]) such that
.(x&1)=&.(x) for every x # D(G) and .(v)=x # |G+(v) .(x)=0 for
every v # V(G). By Tutte [8], a graph has a nowhere-zero k-flow iff it has
a nowhere-zero Zk -flow (see, e.g., [2, 7, 9]). The 3-flow (resp., 5-flow) con-
jecture of Tutte is that every bridgeless graph without 3-edge-cuts (resp.,
every bridgeless graph) has a nowhere-zero 3-flow (resp., 5-flow). It is easy
to check that the 3-flow conjecture reduces to 4-edge-connected graphs. We
show that it suffices to prove this conjecture for 5-edge-connected graphs.
In [5] we have proved the following statement.
Lemma 1. Let G and H be two distinct graphs without nowhere-zero
k-flows. Suppose that e is an edge of G with ends u and v and let u$, v$ be two
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distinct vertices form H. Delete e from G and identify the pairs of vertices u, u$
and v, v$ to two new vertices, respectively. Then the resulting graph G$ does not
admit a nowhere-zero k-flow.
Proof. Suppose that G$ has a nowhere-zero k-flow and thus, by Tutte [8],
also a nowhere-zero Zk-flow .$. Let  and . be the restrictions of .$ to D(H)
and D(G&e) (which are subsets of D(G$)), respectively. Then (v)=
x # |H+(v) (x)=0 for every v # V(H)"[u$, v$], whence, by [4, Lemma 1],
(u$)+(v$)=0. If (u$)=(v$)=0, then  is a nowhere-zero Zk -flow in
H, a contradiction. Otherwise extend . to a mapping ." on D(G) so that
."(x)=(u$) and ."(x&1)=(v$), where x is the arc on e directed from u
to v. Then ." is a nowhere-zero Zk-flow in G, a contradiction. This implies the
statement. K
We say that G is strongly Zk -connected in a vertex v of G if every map-
ping : |+G (v)  Zk"[0] satisfying x # |G+(v) (x)=0 can be extended to a
nowhere-zero Zk -flow in G.
An edge cut is called trivial if it is the set of edges incident to a single
vertex.
Theorem 1. The following statements are pairwise equivalent.
(1) Every 4-edge-connected graph has a nowhere-zero 3-flow.
(2) Every 5-edge-connected graph has a nowhere-zero 3-flow.
(3) Every 5-edge-connected graph with no nontrivial 5-edge-cut is
strongly Z3 -connected in every vertex of degree 5.
(4) Every 4-edge-connected graph with each vertex of degree 4 or 5 is
strongly Z3 -connected in every vertex.
Proof. (1) O (2) is trivial. It is well known (see, e.g., [6, Theorem 6.6])
that (1) may be reduced to 5-regular 4-edge-connected graphs. Thus
(4) O (1).
We prove (3) O (4). Suppose that G is a 4-edge-connected graph with
each vertex of degree 4 or 5 which is not strongly Z3-connected in a vertex
v and let |V(G)| be the smallest possible. Then |V(G)|4 (otherwise every
pair of distinct vertices of G is joined by at least two parallel edges, whence
G is strongly Z3 -connected in every vertex).
Suppose that G has a nontrivial 4- or 5-edge cut C. Consider graphs G1
and G2 arising from G after contracting the subgraphs which are com-
ponents in G&C to the new vertices w1 and w2 , respectively, and deleting
all loops. Without loss of generality we can assume v # V(G1). Since |V(G1)|,
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|V(G2)|<|V(G)|, G1 and G2 are strongly Z3 -connected in v and w2 , respec-
tively. Then, clearly, G is strongly Z3 -connected in v, a contradiction.
Thus there is no nontrivial 4- or 5-edge cut in G. Suppose that G con-
tains a vertex v$ of degree 4 and distinct from v. If v$ is joined with a vertex
v" by at least two parallel edges, then the edges with exactly one end in
[v$, v"] form a nontrivial edge cut of cardinality 5 (because |V(G)|4).
Thus there are four distinct vertices v1 , ..., v4 adjacent to v$. Adding to
G&v$ new edges (v1 , v2) and (v3 , v4), we get a 4-edge-connected graph G$
with vertices of degrees 4 and 5. Since |V(G$)|<|V(G)|, G$ is strongly
Z3 -connected in v, whence G is strongly Z3 -connected in v, a contradiction.
Thus all vertices except possibly v have degree 5. Then either G (if v has
degree 5) or the graph arising from G after replacing one of the edges inci-
dent to v with two parallel edges (if v has degree 4) is a counterexample to
(3). Therefore (3) O (4).
We prove (2) O (3). Suppose that G is a 5-edge-connected graph con-
taining a vertex v of degree 5 such that G is not strongly Z3 -connected in
v. Then the arcs from |+G (v) can be denoted as x1 , ..., x5 so that there does
not exist a nowhere-zero Z3 -flow . in G satisfying .(x1)= } } } =.(x4)=1
and .(x5)=2. Let ei be the edge of G corresponding to x i for i=1, ..., 5.
Replace the vertex v with three vertices v1 , v2 , v3 so that v1 is incident to
e1 , e2 ; v2 is incident to e3 , e4 ; and v3 is incident to e5 and add two new
edges (v1 , v3), (v2 , v3). We get a graph H which does not have a nowhere-
zero 3-flow. H has precisely three vertices of degree 3, namely, v1 , v2 , v3 .
Take the graph K4 and let w1 , ..., w4 be its vertices. Replace the edge
(w1 , w2) with a copy of H; more precisely, delete the edge (w1 , w2) and
identify the pairs of vertices v1 , w1 and v2 , w2 to two new vertices of
degree 5. In the same way replace the edge (w3 , w4) with another copy of
H. We get a graph H$ having exactly two vertices of degree three, v3 and
v$3 . Repeat this process and replace every edge of K4 with a copy of H$ so
that the copies of v3 and v$3 are identified with the vertices of K4 . We get
a 5-edge-connected graph H". It is known (see [2, 9]) that K4 does not
admit a nowhere-zero 3-flow. Hence, by Lemma 1, H$ and H" do not
admit nowhere-zero 3-flows. Thus (2) O (3). K
Let v be a vertex of K4 and e1 , e2 , e3 be the edges incident to v. Suppose
that H is the graph arising from K4 after replacing ei with ni (2) parallel
edges ei, 1 , ..., ei, ni for i=1, 2, 3. Let x i (xi, j) be the arc on ei (ei, j) directed
out from v for i=1, 2, 3 and j=1, ..., ni . Then H does not admit a
nowhere-zero Z3 -flow  satisfying nij=1 (xi, j)=1 for i=1, 2, 3, because
otherwise we get a nowhere-zero Z3 -flow . in K4 (setting .(x)=(x) for
x # D(K4&v) and .(xi)=&.(x&1i )=1 for i=1, 2, 3). Thus, for every n6
there exists a 4-edge-connected graph H which is not strongly Z3-connected
in a vertex v of degree n.
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Note that, by [6], every 5-edge-connected graph has a nowhere-zero
3-flow if and only if every 5-regular 5-connected simple hamiltonian graph
has a nowhere-zero 3-flow.
A circular k-flow . in a graph G is a nowhere-zero Zk -flow in G such
that .(x) # [\1] for every x # D(G). The circular flow conjecture of Jaeger
[1] is that every 4t-edge-connected graph has a circular (2t+1)-flow. For
t=1 this is equivalent to the 3-flow conjecture. For t=2 Jaeger [1] proved
that the 5-flow conjecture holds true if every 9-edge-connected graph has a
circular 5-flow (see [1, 6, 9] for more details). Thus the 3- and 5-flow con-
jectures are implied by the following one.
Conjecture 1. Every (4t+1)-edge-connected graph has a circular
(2t+1)-flow.
Since Conjecture 1 is equivalent to the circular flow conjecture for t=1,
it would be of some interest to study whether these two conjectures are
equivalent for every t2.
Let us not that, by our results, the 3-flow conjecture is a special case of
a conjecture from [3], that every 5-edge-connected graph is Z3-connected
(see [3] or [9] for more details).
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